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Abtract  : 
 
This article presents some results on the statistical behavior of localized structures - called "spots" - that 
propagate in the flow between a rotating and a stationary disc when those are very close one to the other. 
Under these conditions, the flow is called the torsional Couette flow. Using flow visualizations and an 
original image analysis, the present study aims to better describe the characteristics of the spots whose 
number continuously increases with the Reynolds number until they invade the whole flow. We propose a 
statistical model that predicts an error function shape for the probability to observe a spot at a given 
radial position. This prediction is confirmed by an image analysis of the flow and the stability curve of 
torsional Couette flow is deduced from these observations. This curve shows a power like behavior of the 
type  (Re-Rec)-3/2 , compatible with known stability curves of other Couette flows. 
 
Résumé : 
 
Cette étude présente le comportement statistique de structures localisées – appelées « spots »- qui se 
propagent dans l'écoulement entre un disque tournant et un disque stationnaire quand ceux-ci sont très 
proches l’un de l'autre. Dans ces conditions l'écoulement s 'appelle l'écoulement de Couette de torsion. 
En utilisant une analyse d'images originale, la présente étude permet de décrire les caractéristiques des 
spots dont le nombre augmente avec le nombre de Reynolds jusqu'à ce que ceux-ci envahissent totalement 
l'écoulement.  Nous proposons un modèle statistique qui prévoit une forme de type « fonction erreur » 
pour la probabilité d’observation d’un spot à une position radiale donnée. Cette prévision est confirmée 
par l’analyse d'images et la courbe de stabilité de l'écoulement de Couette de torsion est déduite de ces 
observations. Cette courbe présente un comportement en loi de puissance du type  (Re-Rec)-3/2 , 
compatible avec les courbes de stabilité des autres écoulements de Couette. 
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1 Introduction 
 
 The main ingredient of the original transition to turbulence of the flows of the Couette flow 
family (Plane Couette flow (PCF), Taylor Couette flow (TCF) and torsionnal Couette flow) 
comes from the property of these flows to be bistable: laminar flows are linearly stable (at least 
in a certain range of Reynolds numbers) but they are unstable against finite-size perturbations at 
relatively small Reynolds numbers. The flows can then bifurcate towards states characterized by 
strongly non-linear localized turbulent patches inside laminar domains. It was shown by 
Dauchot and Daviaud (1995) that there is a minimum critical amplitude for perturbations to be 
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sustained in the plane Couette flow. This minimum amplitude Ac is a function of the Reynolds 
number Re: at high Reynolds numbers, the laminar flow is more susceptible to destabilization 
than at small Reynolds numbers. Therefore, Ac=f(Re) is a monotonically decreasing curve. This 
curve is called the stability curve and there is a maximum Reynolds number below which 
perturbations (that we suppose to be generic) cannot grow and a general power-law behavior of 
the stability curve: Ac = (Re-Rec)α can be deduced. In particular, this defines a global-stability 
critical Reynolds number Rec which is equal to 1300 ±20  in PCF (with our definition of the 
Reynolds number, see later). The determination of the exponent α was the subject of several 
studies and it seems that there is today a general agreement for a value of  α between -1 and -7/4 
as predicted by the different studies of Dubrulle and Nazarenko (1994) or Kreiss et al. (1994). 
Note that an exponent of -1 was obtained by Waleffe (1995) from a simple balance between 
non-linear advection terms and viscous terms. More recently, it was shown that this exponent 
α is between –1 (Hof et al., 2003) and -1.4 (Peixinho and Mullin , 2006) in pipe-flow transition 
to turbulence which is also known to be subcritical. Note however that very recently, Hof at al. 
(2006) published some results showing that the determination of this curve was elusive as 
turbulent events always dye away in a long but finite time.  As regards the torsional Couette 
flow, Cros and Le Gal (2002) showed that the final transition process occurs by the nucleation 
of a growing number of tiny localized structures which were referred to "spots" by Schouveiler 
et al. (2001). Their appearance threshold is a function of the distance h between the discs and of 
the rotation rate Ω of the rotating disc. Figure 2-a) represents a snap-shot of this flow where 
spots can be observed as small black areas. They have a "V" shape with the legs turned towards 
the disc rotation direction and thus look like the horse-shoe vortices classically observed in 
boundary layers (see figure 2-b). In our case, the legs would be pinned to the rotating disc and 
the head of the structure would be transported by the mean flow at proximity of the fixed disc. 
We suspect that they are generated close to the rim of the disc at a radius R by natural 
fluctuations of random amplitude. Then, they propagate through the laminar flow along a spiral 
towards the centre of the flow. Their size is approximately given by h and we have observed 
that they never propagate farther than a critical radius for a given Reynolds number. The total 
number of spots increases and they propagate further towards the centre as the rotation speed 
Ω is increased. The ultimate turbulent state is then formed when a large number of spots 
amalgamate. 
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.1 – a) Visualization of spots in the torsional Couette flow. b) close-up of spots where the 
"v" shape with the two legs reminiscent of a horse shoe vortical structure is visible. 
torsional Couette flow is formed when the rotating boundary layer (the Kàrmàn layer) and 
tationary disc layer (the Bödewadt layer) merge. Note that this is only possible (at the 
idered Reynolds numbers) when the stationary and the rotating disc are sufficiently close to 
another, otherwise another transition that involves circular and spiral waves takes place 
s et al., 2005). Because of rotation, the velocity field is three-dimensional and a centrifugal 
 takes place in the Karman layer. Due to mass conservation, a centripetal flow is then also 
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present in the Bödewadt layer and creates as often referred to Ekman pumping. Therefore, we 
suspect that the spots which are generated at the disc periphery, on natural uncontrolled 
fluctuations of amplitude A are ransported towards the centre by this re-circulating flow. Then, 
as the local Reynolds number is directly proportional to the radial position on the disc (Re= 2 
π Ω r h/ ν (ν being the fluid viscosity), the spots experience a decreasing Reynolds number until 
they meet a threshold RAc and die at radius rAc. The aim of this study is to provide a statistical 
description of this transition to turbulence and to obtain some indication about the stability 
curve Ac=f(Re) for torsional Couette flow. To this end, recordings of flow visualization 
experiments will be analyzed by means of image processing techniques. 
 
2 Experimental device and visualization of the spots 
 
The enclosure, which contains the fluid used in this experiment (water at room temperature 
around 20°C) is cylindrical, with a radius of 152 mm and a depth of 60 mm. The stainless steel 
rotating disc is immersed in this container and possesses a radius R=150 mm and a thickness of 
13 mm. This disc is set into rotation by a D.C. electric motor. The rotational speed Ω is 
controlled and regulated within 0.2 % via a feedback control loop and can vary between 0 and 
200 rpm. The second adjustable control parameter is the distance h between the two discs that 
can be continuously adjusted between 0 and 21 mm with an accuracy of 0.02 mm. The 
stationary disc is the removable lid of the tank. It is made in a transparent 20 mm thick 
plexiglass plate that permits to visualize the flow. The tank is completely filled with water. 
Water temperature is measured during the experiment and viscosity corrections are taken into 
account to calculate the Reynolds numbers, but only weak temperature deviations, less than 2 
degrees, have been observed. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 2 – Visualization of the transition to turbulence of the torsional Couette flow (h=2.8 mm).  
 
In order to visualize the flow, water is seeded by anisotropic and reflective Kalliroscope 
particles. Kalliroscope fluid is added to water in a proportion of 1% to 3% in weight. Their 
orientation depends on the local shear and this characteristic facilitates this well-known 
visualization technique. As the disc is painted in black, the fluctuations in orientation of the 
particles inside spots result in the visualization of these as dark areas. The flow is illuminated by 
the means of ten bulbs positioned on a 50 cm diameter circle, equally spaced and located 
approximately 1 m above the disc. The flow is filmed by a video camera placed 1 m above the 
discs and aligned with the axis of rotation. This camera is connected to a PC and a frame 
grabber permits video movies and images of the flow to be recorded. These movies are analyzed 
by means of a purpose-built image-analysis software. Figure 2 presents a typical series of 
images illustrating the transition to turbulence of the torsional Couette flow. As previously 
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described, the spots appear on images as black V shaped areas. As can be observed, the number 
of spots increases as Ω is increased and they propagate further towards the centre of the flow. 
For each h, the first spot appears at a critical Ω.  We have also counted the number of spots as a 
function of time for each configuration by visual inspection of series of successive images. 
Strong fluctuations of the number of spots have been recorded and histograms of these series are 
presented in figure 3. As can be seen, they display long tails of rare events - a feature which is 
reminiscent of a Poisson distribution. 
 
 
 
 
 
 
 
 
 
 
FIG. 3 – Histogramms of temporal fluctuations of spot numbers for Ω = 50, 54 and 55 rpm. 
 
3 Image analysis of the flow 
 
In order to perform a statistical description of the behaviour of the spots, an image analysis 
has been performed to determine the distribution of spots as a function of r. As can be seen on 
Fig. 3, spots are represented by a group of darker pixels. Such a light intensity variation can be 
easily quantified by the determination at each pixel of its brightness. In the RGB system, a 
video image taken by a CCD camera can be expressed at each pixel by its three colour 
components: Red R, Green G and Blue B. Using a classical definition of the intensity I of the 
brightness of a pixel, one can calculate I from these three components to be equal to I = 0.299R 
+ 0.587G +0.114B ; this definition comes in fact from the best human colour perception.  
 
FIG. 4 – P(r), probability of spots along the radius, for different flow parameters. 
 
In order to extract individual spots, a binarization technique, which classifies pixels into 
two sets, darker or brighter pixels, was performed using a threshold, which is determined by 
Otsu's method (Otsu, 1979). This threshold value is chosen when the covariance between two 
separated sets of different brightness intensity probability distribution is maximum. The 
probability for a spot to exist at radial position r is determined by P(r) = Nb/N where N is the 
number of pixels calculated on a circle of radius r and Nb the total number of black pixels on 
the circle. Such an analysis has been performed by estimating P(r) over a large number of 
images (typically 50), for different speeds of rotation Ω and different axial gap distances h and 
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for a fixed radial gap equal to 2 mm. Figure 5 shows these probability distributions as functions 
of the flow parameters. As expected, P(r) increases with respect to the radial position r and also 
with the rotation speed Ω. 
 
3 A statistical model of spot propagation 
 
The preceding curves can be interpreted as the response of the flow against external 
random perturbations. We will develop now a model for spot propagation in order to determine 
in particular if the spots disappear at a typical critical radius that depends on their amplitude. To 
this end, we first assume that the stability curve of torsional Couette flow is similar to that of 
plane Couette flow, the local Reynolds number being directly converted into the radial position 
r. As we saw before, spots are generated by the growth of perturbations close to the radial gap 
between the rotating disc and the cylindrical wall. Prob(A) is the probability distribution of  the 
amplitude perturbations A. When created, spots travel on spiralling paths towards the centre of 
the flow transporting Prob(A) along r in the decreasing direction. We define PA(r) as the 
probability of observing a spot of a given amplitude A, at radius r. As illustrated in figure 6,  
P(r) is the integration over the amplitude A of PA(r). If we assume now that the spots disappear 
as soon as they meet the critical radius associated with their amplitude A, it comes:  
 
For instance if Prob(a) was a Gaussian distribution, P(r) would be by integration an error 
function as qualitatively found experimentally (see figure 4). Thus the shape of P(r) depends on 
two characteristics: the probability distribution Prob(A) and the critical curve Ac(r).  
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG. 5 – Schematic representation of spots propagation associated with the probability of 
amplitude distribution.  
  
Thus, to calculate the stability curve Ac(r), it is necessary to know Prob(A) which has not been 
directly measured in the experiment. A tractable solution is then obtained by assuming that the 
number of spots produced by a fluctuation of amplitude A is directly proportionnal to A. In this 
way, the number of spots becomes a measure of the amplitude of the fluctuations. Taking the 
derivative of P(r) versus r, it comes: 
 
Therefore, if Prob(A) depends only slightly on r, only the second term has to be considered.  
The derivative dP/dr can be calculated from the measurements of P(r) (see figure6-a) and, as we 
saw before, Prob(A) is supposed to be identical to the probability of spot number distribution 
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(the Poisson distribution of figure 3). In particular we see that the zeroes of both distributions 
coincide: there exists a rmin and a rmax where the numbers of spots are nmin and a nmax or the 
amplitudes Acmin and Acmax.  This gives exactly two points of the critical curve. This 
identification process can then be continued (identification of the maxima of the distributions, 
then half this maxima...) in order to get a sufficient number of data to extrapolate and fit the 
critical curve correctly by a power law, as presented in figure 6-b. A critical Reynolds number 
around 2140 and an exponent –3/2 seem compatible with the data. 
 
 
 
 
 
 
 
 
 
 
a)      b) 
FIG. 6 – a) Derivative of P(r) versus r which, when identified to the Poisson distribution of spot 
number, leads to the estimation of the critical curve presented in b).  
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